In this article, we extend the spinor technique for calculating helicity amplitudes to general massive fields of half-integer spins. We find that the little group generators can be represented as first-order differential operators in the spinor formalism. We use the spinor forms of the generators to get the explicit form of the massive fields of any spin and any helicity. We also deal with the three-particle S-matrix by these spinor form generators, and find that we are able to extend the explicit form of the three-particle vertex obtained by Benincasa and Cachazo to the massive case. We present the explicit expressions for the amplitudes with external particles of the lowest helicities up to -3/2. Group theory, in the form of raising operators of the little group, then dictates other amplitudes with higher helicity in the same spin multiplets. The formalism allows, in principle, to determine the electromagnetic form-factors of charged particles of arbitrary helicities, without additional assumptions about the underlying lagrangian. We find that restrictions which follow from gauge and Lorentz invariance are nearly as restrictive as in the massless case.
I. INTRODUCTION
The spinor formalism has been widely used in the calculation of amplitudes of fourdimensional gauge theories [1] [2] [3] [4] [5] [6] [7] [8] . In a remarkable work [9] , Witten discovered that the tree-level amplitudes have a simple geometrical description when transformed into twistor space. This lead to a lot of new results on the properties of the amplitudes for massless particles. In particular, the S-matrices with more external particles can be deduced by the BCFW recursion relations [10] [11] [12] [13] [14] [15] [16] . Moreover, the three-particle S-matrices of any spin can be uniquely determined [17] . Then the perturbative scattering amplitudes in Yang-Mills theory have a remarkably simple form. Many properties of the amplitudes are apparent in this form, even though they are not evident in the usual Feynman diagram computation.
For the massive case, the spinor form has also been used in simplifying algebra in Feynman graphs [18, 19] . Also, the recursion relations for the gauge theory with massive particles have been developed in [20] [21] [22] [23] [24] . In this paper, we discuss the massive fields from another point of view.
The momentum of massive particles can be specified in terms of two Weyl spinors [9, 19] . The ambiguity in the definition of the two spinors can be understood as the freedom to choose a basis of states for a massive particle, as this basis can be rotated under the little group. We also find the generators of the little group SO(3) can be represented as first-order differential operators in these two spinors. By acting with the raising operator J + of SO(3) on the lowest weight states, we can get the highest weight irreducible representations of the group. According to this property, we can get the spinor form of the free massive fields of any spin and helicity.
According to the spinor forms of the fields, we discuss the general property of the three-particle amplitudes. Here, we focus on the amplitude of two fermions and a massless gauge boson, where the fermions are of the same mass and arbitrary but equal half-integer spin. We get the general form of these amplitudes for the fermions of any helicity. To achieve this, we first write down the first-order differential equations for the amplitudes, which are obtained by the linear property of the amplitudes with respect to each external field and the invariance of the external momenta under the little group for each particle.
Then we construct the general solutions for the amplitudes when the massive external particles are of the lowest helicity structure. The amplitudes of other higher helicity structures can be obtained in the same way as we do for the free massive fields.
This paper is organized as follows. In Section II, we get the little group generators in the spinor form. Then we analyze in detail the amplitudes when external fermions are Dirac fields with spin 1 2 . In Section III, we use our method to the case when the external fermions are of spin 3 2 . In Section IV, we extend to the case when fermions are of arbitrarily high spin. We find it is possible to get directly the spinor structure either for the external fields or the three-particle amplitudes.
II. MASSIVE DIRAC FIELD
For a massive field, the on-shell momentum p µ are time-like with p 2 = m 2 , where m is the mass of the particle. Hence the momentum can be specified as p aȧ = λ aλȧ + β aβȧ in the bi-spinor form [25] [26] [27] , where p aȧ = σ µ aȧ p µ . In these works, the arbitrariness in the decomposition is dealt with by fixing a phase, and one of the arbitrary momenta to some convenient value depending on the kinematics. In fact, the momentum is invariant when acting with the U(2) group element U on λ β and U † on λ β
. We explore and exploit the properties of the SU(2) subgroup and find a very simple way to write the spinor forms of free fields for any half-integral particles in Section IV. In the following, we fix the diagonal U(1) phase by setting the inner product of λ and β to be λ, β = [λ,β] = −m. Another motivation to fix the U(1) phase is that this phase is only a parameter arbitrary without any physics content. On the contrary, the SU(2) is in fact the little group of the massive particles, which we discuss in detail in the following. As noted in [19] , this invariance is just the freedom to change basis of the solutions of free field equations, in the sense that the group invariance reflects both invariance of the momentum under the little group as well as the transformation properties of the solutions under the same group.
The scattering amplitudes for particles of non-zero spin depend on not only the momentum but also the polarization vectors of the external particles. When the external particles are massive, we can also explicit the wave functions of them in λ,λ, β,β. Here we first consider the massive Dirac fields. Such analysis can be extended to the massive on-shell vector fields of any spin.
The free field equation of Dirac field is
For the positive frequency waves, ψ(x) = u(p)e −ip·x , the column vector u(p) must obey
where p 2 = m 2 . We can divide the four component Dirac spinor into two-component
These have two independent solutions. We can choose the basis of the solutions as
In fact the group is directly related with the little group SO(3) for massive particles.
The relationship can be exhibited in the basis [32] E 0 = λλ + ββ
We can check directly that the four basis vectors are orthogonal to each other. Three of them are space-like vectors E 1 , E 2 , E 3 . Another one is the time-like vector E 0 , which is also proportional to the momentum p aȧ . By definition, the little group is the SO (3) transformation of the three space-like vectors. The infinitesimal group elements generated
The two light-like vectors λ 1λ1 and β 1β1 also transforms correspondently, as shown explicitly in Fig 
Hence, the three generators of the little group SO(3) can be represented as the first-order differential operators with respect to spinors
Here, we make a convention on the summation of the spinor index in β 
Then according to (5) , the free Dirac field transforms as
As expected, the two solutions of the Dirac equation are in the D 
Here, we denote D 
It is convenient to use another basis for this algebra, the J 3 ,
In the spinor form, the raising and lowering operators are R(
respectively. Actually, in this group of generators, we can exhibit the fields of any helicity as spinor forms. Usually, the field of the lowest or highest helicity can be obtained by the equations of motions and the little group representations.
Then by acting with the raising or lowering operator on them, we can get the spinor forms for fields of any helicity. For example, in spin 1 2 case, the highest helicity field can be obtained by acting a R(J + ) to the lowest helicity fields. That is u
The procedure is similar with the one in constructing the highest weight irreducible representations of SU (2) group. Furthermore, this procedure is also easy to generalize to the fields of any spin.
The scattering amplitudes A(λ 1 , β 1 , λ 2 , β 2 , λ 3 , · · ·) are functions of both the momenta p i and the wavefunctions u i of each external particle. They are also linear with respect to the external fields. Then, due to the invariance of the momentum under little group, the amplitudes transform under the group for each particle in the same way as a free field.
Here we focus on the amplitude A(
, 1), which is the interaction of two massive Dirac fermions and one massless gauge boson. We find the amplitude satisfies the first-order differential relations
Here, the up indexes of A denote the three external states respectively. And we use J a 1
and J a 2 to denote the little group generators of the first and second particle respectively. For the photon, which is massless, only one generator J 3 3 of the little group acts nontrivially on the field. In total, there are seven first-order differential relations, three for each massive particle and one for the massless gauge boson.
We thus know the transformation properties of the amplitudes under the little group of each particle. Then, same as in the case of the free external fields, we do not need to obtain the general forms of the amplitudes for every helicity structure one by one.
In fact, we can first choose that the states of the massive particles are all of the lowest helicity. Then, by acting with R(J + ) to the amplitude for these lowest helicity fields, we can obtain the amplitude for arbitrary helicity structure.
Now we take the two external Dirac fields as u ), (1, −1) is non-zero only when the external fields are of complexified momenta. As in the massless case, we keep the on-shell conditions for the complexified momenta. In this section, we omit the spin index in the amplitudes while keeping only the helicity index in them. We denote the momenta of the fermions and gauge boson as p 1 , p 2 and p 3 respectively. Since the fermions are massive, as discussed above, we should at least use two independent spinors to characterize the momenta as p
Momentum conservation (p 1 +p 2 +p 3 ) aȧ = 0 and the on-shell conditions p
By Lorentz invariance, the scattering amplitudes can only be the functions of the eight and
, which act on the left and right handed spinors respectively. By inserting I L into the inner product β 1 , β 2 , β 1 , λ 3 , β 2 , λ 3 , we can get express these three invariants in terms of the other five:
[
In the spinor form, the photon with negative helicity is
Hence in principle there are enough constraints to solve the differential equations. We now construct the possible solutions directly from the linearity property of the amplitudes with respect to the external fields. Momenta are invariant under the action of the differential operators (9) . Then if an amplitude is a solution of (10), it will still satisfy the equations when inserted in any momentum function. Meanwhile, the amplitude, which is composed of the tensor product of each external field, is a solution of (10). Then we construct the solutions in terms of some undetermined functions of momenta and the spinor forms of the fields such that the expressions for the amplitudes are Lorentz invariant.
When the helicity of the external gluon is minus, the linear property will lead to λ 1 or β 1 and λ 2 orβ 2 and
be of order one in the amplitude. To form the Lorentz invariant terms, they should be constructed by spinor product directly or with the spinor forms of the external momentums. If the spinors of in the external states are of the same charity, the external momentums should be of even orders to form a Lorentz invariant factor, i.e.
Here
Otherwise, the external momentums should be of odd orders, i.e.
The factors includeβ 1,2 can be also write in the general factors with only λ 1,2 . This is due to
a . Hence, the general form of the amplitude should be
Since in gauge theory, the amplitudes are on-shell gauge invariance. We can find that the first term in (16) is gauge invariant by itself. Actually, underμ →μ +λ 3 , the factor [μ| F o 2 (p 2 )|λ 3 is invariant due to the momentum conservation and on-shell condition of the external lines. However the last two terms in (16) 
. And since the external momentum of gluon is light-like, F 3 (p 1 + p 2 ) can at most of order one for the momentum. As a result, the
We find for the terms with factors 
Hence under the on-shell gauge invariant gauge constraints, the allowed amplitudes are of forms
in (17) 
Here we removing all the even orders of the momenta by acting it on the corresponding spinors. Then using the spinor forms of the momenta, we can calculate the general form of the amplitude directly
Here Q 0 only depends on the mass and P 1 is a first-order polynomial function:
where a, b are constants. However, the terms in (19) are not independent with each other.
In fact, using momentum conservation, we find
Hence the amplitudes with independent solutions can be written as
In QED, it is easy to check that the term with coefficient F 1 comes from the minimal in-
) ǫ µ . The term with the coefficient F 2 comes from the anomalous magnetic-moment interactionv 2 (
).
As discussed above, the amplitudes of other helicities are easy to obtain, according to
If the anomalous magnetic interaction vanishes, F 2 = 0, then in the massless limit β i → 0, the fermion helicity is conserved and the amplitudes tend to
The results can be verified by the direct calculation using Feynman rules of QED.
III. MASSIVE SPIN

2 FIELDS IN SPINOR FORM
In this section we discuss the properties of the massive spin 3 2 particle in the spinor form. The paper of Novaes and Spehler [27] treats a specific form for the interaction of a spin 3/2 particle, namely the minimal interaction, whereas we are interested in obtaining the amplitude with the most general form factors. We first get the wave functions for the massive fields of spin 
In field theory, particles are classified by the irreducible representation of the little group.
In massive case, the little group is SO(3). Hence, a vector field in ( ) are an irreducible representation 1 2 with respect to the little group. Hence a spin 3 2 particle should lie in the 1 representation for the vector part and in the symmetric part of the tensor product between the vector and spinor. According to this group representation analysis, we can obtain the spinor form of the spin 3 2 field directly. For the Dirac fields, the spinor forms of the wave functions
Here u is to denote the particles and v is to denote the anti-particles. Then by symmetrizing the tensor product of the spin 1 vectors in (4) and the Dirac fields, we get the wave functions of the spin 3 2 fields as follows
For anti-particles, the spinor forms are
Here the states are classified by the eigenvalues of the J 3 spin which is also the spin components in the E 3 direction. We can check directly the conditions imposed by Pauli and Fierz in [29] . In fact, the use of the transverse vector parts of spin 1 leads to the condition p µ ψ µ = 0. Also, taking a symmetric tensor product reproduces the condition
The spinor forms were also presented before in ( [27, 31] ). Here we can also provide a very simple way to get them by action of the little group in the spinor form. Such method can also be generalized to higher spin fields directly. First, the lowest helicity field can only be λβ(λ ⊕β) for positive-frequency particle. Then acting with R(J + 1 ) on it several times, we can get the fields of higher helicity. The result is precisely (26) . For the anti-particle, the procedure is similar. Now we can analyse the amplitudes A( 
Since the amplitudes are linear in the external fields, they should satisfy the similar
As the case in Section II, we can construct the solutions of the different equations directly. Here we also set the two fermions to be of equal mass m and the gauge boson is massless.
First we choose the helicity of each particle as − ), (1, −1) = A 1 + A 2 , where
and
Here, F we setμ =β 2 . Then according to momentum conservation and the on-shell conditions (11) , the amplitude can be simplified to
where P 3 is an order-3 homogeneous polynomial function and P 1 is defined as before.
where a, b, c, d are the constant coefficients.
Thus we find that there are altogether six form-factors for the spin 3/2 charged particle. All of the terms can be deduced from Lorentz invariant interactions terms of some lagrangian form. The terms proportional to
Two of the terms with coefficients b, c in P 3 can be deduced from
Here, Σ µν is the generator of Lorentz transformations in the vector-spinor Rarita-Schwinger representation.
The remaining two interactions arē
The there point amplitudes of these two interactions are some linear combinations of the terms with P 3 factor. After a simple calculation we get
respectively. All of these interactions are gauge invariant, in the sense that the amplitudes vanish for longitudinal photons, ǫ 
In order to get the amplitudes for other helicity structures for the massive fermions, we do not need to follow the analysis one by one. In fact, form the amplitude with fermions in the lowest weight states of R(J − ), we can get the amplitudes of all helicity structures by acting it with R(J + ) to each particle respectively. For example
where n, m = 1, 2, 3.
It is possible and interesting from the phenomenological point of view to consider also the interaction of spin 3/2 and spin 1/2 fields with the photon. Some forms of this amplitude were considered by Novaes and Spehler [27] and more recently, in connection with LHC searches for excited quarks by Feng et al [31] .
For the half spin j particles, we can do similar analysis. The fields are in the representation D (j) of the little group. Then we have
The wavefunctions in spinor form can also be obtained. First we can get the spinor form of the field for the lowest helicity. Then for any higher helicity, we can get the wave functions by acting the R(J + ) operator on the lowest helicity states.
The particle can be obtained by Rarita-Schwinger tensor-spinors ψ
, which is symmetry for the vector index and satisfy the Pauli and Fierz [29] constraints 
The higher helicity states can be obtained as
where n in integer and ∈ [1, 2j] and N is the normalize constant. The manifest form of equations (38) are +i−n ⊗ (λλ − ββ) ⊗(n−2i) (−2βλ) ⊗i .
S denote the symmetry tensor product and [
] is the largest integer less than or equal to n 2
. The three point functions of two high spin fermions and one gauge boson can also be obtained directly but with more labor for any helicity structure.
In this paper, we mainly focus on the massive fields with half-integral spins. We constructed the spinor-form wavefunctions for the free external particles. We also analyze the on-shell amplitudes with two-fermions and one gauge boson. Here the fermions are of the same non-zero mass and the gauge boson is massless. At the beginning, we present the first-order differential form for each generator of the little group. We find this formation play an critical role in obtaining the spinor forms for both free massive fields and amplitudes.
For the half-integral particles in Rarita-Schwinger (RS) framework, we derive the wavefunctions in two steps. First, according to the dirac equation and two constraints in RS framework, we can directly obtain the state of the lowest helicity. Then for the fields of higher helicities, we get their spinor forms by acting the rising operator R(J + ) on the lowest helicity states. This procedure are universe for any half-integral spin field. In fact, it can also be extended to the massive integral spin field with minor modification.
The same procedure is also applicable for the amplitudes. That means we only need to discuss the amplitudes with the lowest helicity structures for the massive fields. For the three-point functions we considered here, according to the linear property for the amplitude with respect to the external fields, in principle we can get the most general forms of the amplitudes which are Lorentz and gauge invariant. Absolutely the constructed amplitudes are the solutions of the seven one-order differential equations which the amplitude satisfy. In this article, we first obtained the spinor form of the on-shell gauge invariant amplitudes for the spin 1 2 field. Each independent term in the amplitude corresponds to an interaction. We find the corresponding interactions are also gauge invariant, in the sense that the amplitudes vanish for the case when the external photon is off-shell. We also discuss in detail for the amplitudes for the spin 3 2 particle. By the same methods, we obtain six independent terms in the general amplitude. Each term can be deduced from a Lorentz invariant interaction. For higher spin fermions, we can also analysis the amplitudes similarly. Further more, all the possible amplitudes with two fermions of different spin can also be obtained.
